Abstract. Let K be a finitely generated (but not necessarily algebraic) extension field of Q. Let F (X) = F (X 1 , . . . , Xm) be a form (homogeneous polynomial) in m ≥ 2 variables with coefficients in K, and suppose that F is decomposable (i.e., that it factorizes into linear factors over some finite extension of K). We say that F has the finiteness property over K if for every b ∈ K * (here K * denotes the set of non-zero elements in K) and for every subring R of K which is finitely generated over Z, the equation
Introduction
Let K be a finitely generated (but not necessarily algebraic) extension field of Q. Let F (X) = F (X 1 , . . . , X m ) be a form (homogeneous polynomial) in m ≥ 2 variables with coefficients in K, and suppose that F is decomposable (i.e., that it factorizes into linear factors over some finite extension of K). For every b ∈ K * , consider the decomposable form equation
where R is a subring of K which is finitely generated over Z. Equations of this type are of fundamental importance in the theory of Diophantine equations and have many applications in number theory. Important classes of such equations are Thue equations, when m = 2, norm form equations, discriminant form equations and index form equations. The Thue equations are named after A. Thue [Th] who proved in the case K = Q, R = Z, m = 2, that if F is a binary form having at least three pairwise linearly independent linear factors in its factorization over the field of algebraic numbers, then (1.1) has only finitely many solutions. After several generalizations, Lang [L] finally extended Thue's result to the general case considered above (when K is an arbitrary finitely generated extension of Q and R is an arbitrary finitely generated subring of K over Z).
Definition. Let K be a finitely generated extension field of Q. Let F (X) be a decomposable form in m ≥ 2 variables with coefficients in K. We say that F has the finiteness property over K if for every b ∈ K * and for every subring R of K which is finitely generated over Z, the equation
has only finitely many solutions. 
(ii) F has the finiteness property over K.
To use the above theorem, we need to decide whether the finiteness condition (i) in Theorem A is satisfied or not. Evertse and Györy showed that (i) holds if deg F > 2(m − 1) and any m linear factors of F are linearly independent. The purpose of this short paper is to provide a simple criterion for which (i) in Theorem A does not hold, hence F does not have the finiteness property over K.
Assume that F factorizes into linear factors over K. It is trivial to see that if #L < m, the condition (i) does not hold. Further, it is not very difficult to show that if #L ≤ 2(m − 1) and any m linear factors of F are linearly independent, then condition (i) does not hold. In fact, in this case, if we assume that
. Then the line connecting p and q intersects the union of these hyperplanes in no more than two points. Thus (i) does not hold by taking V as the vector space defined by this line. In this paper, we show that if #L ≤ 2(m − 1) (without the condition that any m linear factors of F are linearly independent), then condition (i) still does not hold. Thus, we have, together with Theorem A, the following theorem. 
Proof of the Main Theorem
To prove the Main Theorem, we first prove the following lemma.
Lemma 2.1. For any collection of 2n hyperplanes in P n (K) there exists a line which intersects the union of these hyperplanes in no more than two points.
Proof. Let D 1 , . . . , D 2n be the given hyperplanes in P n (K) . Let L i , 1 ≤ i ≤ 2n, be the linear forms corresponding to D i , i.e.,
If the dimension of the space spanned by
Then the line passing p and q satisfies the assertion of the lemma.
So we assume that the dimension of the space spanned by L i , 1 ≤ i ≤ 2n, is n + 1. By changing the numbering if necessary, we can assume that
In this case, the line passing p and q satisfies the assertion of the lemma. So we only need to consider the case that B 0 ⊂ i∈I0 D i . In this case, the product of the linear forms L i , i ∈ I 0 , vanishes identically on B 0 . Since B 0 is the intersection of some hyperplanes, it is a subspace of P n (K) . So its polynomial ring is an integral domain. Hence one of the linear forms in {L i , i ∈ I 0 }, say L i0 , i 0 ∈ I 0 , must vanish identically on B 0 . Therefore, B 0 ⊂ D i0 for some i 0 ∈ I 0 . Consider I 0 \{i 0 }. We claim that there exist n− 1 linearly independent linear forms among 
. . , L n−1 , and let I 1 be the complement of I 1 . Then I 0 ⊂ I 1 and
, then the line passing through an arbitrary pair of points p ∈ A 1 \ i∈I 1 D i , q ∈ B 1 \ i∈I1 D i satisfies the assertion of the lemma. The remaining case is B 1 ⊂ i∈I1 D i . Then, in this case, B 1 ⊂ D j for some 1 ≤ j ∈ I 1 . Proceeding just as above, we construct sets A 2 and B 2 , etc. If this iterative process continues to the k-th step (k < n), then there are defined numbers r k ≤ r k−1 ≤ · · · ≤ r 0 and sets A k and B k , such that (in the corresponding enumeration):
(
satisfies the assertion of the lemma. In this case, the process stops with the line we want. Otherwise, B k ⊂ i∈I k D i . In this case, we continue the iterative procedure: the (k+1)-st step is executed analogously to the first. If the process does not end with the construction of the line sought by the (n − 1)-st step, then at the (n − 1)-step we get
i=2 D i and consequently the line passing through an arbitrary pair of points q ∈ A n−1 \ 2n i=2 D i , q ∈ B n−1 \D 1 is the one we sought. The lemma is thus proved.
We are now ready to prove the Main Theorem. 
